TORU SAITO
Let S be an ordered inverse semigroup, that is, an inverse semigroup with a simple order < which satisfies the condition:
x < y implies xz ^ yz and zx ^ zy .
Let E be the subsemigroup of S constituted by all the idempotents of S. By a result of Munn, Γ = S/σ is an ordered group, where σ is the congruence relation such that xσy if and only if ex = ey for some e 6 E. An ordered inverse semigroup S is called proper if the σ-class I which is the identity element of Γ contains only idempotents of S.
In a proper ordered inverse semigroup S, let Γ(e)(e e E) be the set of those members of Γ which intersect nontrivially with R e . Each element of S can be represented in the form (α, e), where e 6 E and a e Γ(e). We define e ω = a~ιa e E, where a -(α, e). Then Γ(e) and e" satisfy the following six conditions: Next we prove conversely a theorem asserting that, for an ordered commutative idempotent semigroup E and an ordered group Γ, if Γ(e) and e a satisfy the six conditions above, then the set {(α, e);eeE,ae Γ(e)} is a proper ordered inverse semigroup with respect to the product and the order mentioned above. Besides this, we present other characterizations of special cases.
Ordered semigroups were studied systematically in [4] , [5] , [6] . In [4] , we studied ordered idempotent semigroups. In an ordered semigroup, the set of all the idempotents always constitutes a subsemigroup and so the study of ordered idempotent semigroups will clarify the structure of this subsemigroup. In [5] , we were essentially concerned with ordered regular semigroups. As the first step of the study of these semigroups, in that paper we determined all the types 650 TORU SAITO of subsemigroups generated by a regular pair. There are two important types of regular semigroups: completely regular semigroups and inverse semigroups. In [6] , we characterized ordered completely regular semigroups. In the continuation of the study in this direction, in this note, as the first step of the study of ordered inverse semigroups, we shall be concerned with proper ordered inverse semigroups.
In the algebraic theory of semigroups, those inverse semigroups are of the most important kinds which are situated between groups and general semigroups.
In [3] , Munn defined a relation σ in an algebraic inverse semigroup S and showed that S/σ is a group. In the case when S is an ordered inverse semigroup, S/σ is an ordered group. In § §2, 3 of this note, we shall characterize a proper ordered inverse semigroup S by the ordered subsemigroup E of all the idempotents of S and the ordered group S/σ where a collection of subsets Γ(e) (eeE) of S/σ and an operation e <Λ {e eE, ae Γ(e)) are defined with some conditions. However, this characterization is not so satisfactory, since these conditions are too complicated to clarify sufficiently the structure of this semigroup. In § 4, for a simple type of such semigroups, that is, for proper ordered i^-simple inverse semigroups in which the group S/σ is commutative, we shall give a more satisfactory characterization relating only to the group S/σ. As an appendix, in § 5, we shall show that an important sort of ordered inverse semigroup belongs to this category.
l Preliminaries* Those terminologies and notations which are found in the book of Clifford and Preston [2] , shall be used in the sense defined there. (We note that some of them were used differently in the previous papers [4] , [5] , [6] .) For convenience, we quote a lemma from [2] , which will be repeatedly applied in the following discussion.
LEMMA 1 (Theorem 1.17 [2] Let S be an ordered inverse semigroup. An element x of S is called positive if x 2 > x, while x is called negative if x 2 < x. Since any two idempotents of S commute with each other, the set of all the idempotents of S forms a commutative idempotent subsemigroup, which we denote by E. Moreover, being a commutative idempotent semigroup, E turns out to be a semilattice with respect to the natural ordering of E (Theorem 1.12 [2] ). We denote the partial order of the semilattice E by ^ in order to distinguish it from the original order ^ in S. When two elements e, f of E are comparable with respect to the order ^, we simply say e and / are comparable.
Here we give some lemmas from our previous papers.
LEMMA 2 (Lemma 2 [4] ). // e, feE and e ^ /, then e^ef^f and e S fe S f. LEMMA 3 (Lemma 4 [4] LEMMA 5 (Theorem 1 and Lemma 6 [5] ). An element a of S is positive if and only if α" 1 is negative.
2* The structure theory* For two elements x, y of an ordered inverse semigroup S we define xσy if and only if there exists an element eeE such that ex = ey. This relation σ was introduced by Munn [3] in the investigation of algebraic inverse semigroups. Here we give a fundamental property of σ.
LEMMA 6 (Theorem 1 [3] ). σ is a congruence and S/σ is a group. Now we mention some further properties of σ. Proof. By definition, ex = ey for some e e E. Moreover ex ê z S ey. Hence ex = ez, and so xσz.
By Lemma 7, we can introduce an order into S/σ in natural way, that is, for x, y e S/σ, we define x ^ y if and only if x ^ y for some xex,yey.
With this order S/σ turns out to be an ordered group, or more explicitly a simply ordered group. In what follows we denote by Γ the ordered group S/σ with this order. The identity element of Γ is denoted by I. For αeS, the σ-class which contains a is denoted by α. of S into the set S' of all pairs (a f β) such that eeE,aeΓ{e).
For every (α, e)eS', we have αeί'(β) and so, by definition, there is an element aeS such that αe a Π i? e . Hence α = α and e(a) = β. Therefore the mapping <ρ is onto S'. If S is proper, then, by Theorem 1, φ is one-to-one. Thus in that case we can identify α with (α, e(a)). We remark, under this identification, e = (J, e).
From now on, we assume that S is a proper ordered inverse semigroup unless otherwise mentioned, and accept the above identification.
For eeE and ae Γ(e), we write e* -a^a, where a = (α, e Proof. (i) For ae Γ, we take an element α which belongs to the σ-class a. Then a e Γ(e(a)).
(ii) Since e -(/, e), the assertion is evident.
(iii) Since aeΓ(e), we can take a = (α, e). Then α^e, and so, since f^e, we have fa&fe = /. Moreover fa = fά -Ia = a. Hence /α e a Π J2/, and so a e Γ(f) and /α = (α, /). Then / Λ = {fa)-\fa) = α-'/α, and so /^e* = a^faa^a = α-'/α = / α . Hence / Λ ^ e Λ . (iv) Since αG,Γ(e) and /5 e Γ^), we can take a = (α, β) and 6 = (/3, e a ). Then e α = α -1 α, a&e, h&e", and so ab&ae a = αα" 1^ = α^e. Moreover we have ab -ab -aβ. Hence ab e α/9 Π i2 e , and so α/3 G /'(e) and ab = (α/3, e). Since cr^α -e α = e(b) = 66" 1 and (e α ) β = ft-ty, we have e Λβ = (ab)-\ab) = b^a^ab = ft-^fc-* = 6-
Since ^GΓ(β), we can take α = (α, e). Then e* = a~τa and e^a* 1 = α~1αα~1 = α" 1 . Hence a^&e*.
Moreover we have a" 1 -ar xor 1 .
Hence a~λ e a-1 Π R e a and so or 1 e Γ(e*). (vi) First we consider the case when /^ e 9 and set a -(a, e). Then, in the proof of (iii), we have shown that f* = a" 1 fa. Hence e<* -ar ι a = ar^aar^a = a~λea ^ α" x /α = /*. In the case when e ^ /, we can prove e" ^ f a in a similar way. Finally, in the general case, we have e ^ ef S f by Lemma 2. Moreover ef ^ e, ef ^ /, and so, by (iii), aeΓ (ef) .
Proof. We set α = (α, e) and 6 = (/3, /). In the proof of Theorem 2 (v), we have shown that α~\^β*, and so fa'^&fe* -e"f. Proof. First we suppose that a < β. Then, since (a, e) e a, (β, f) e β, we have (a, e) < (β f f). Next we suppose that a = β and e^f.
We set α = (α, β) and
If f^e in the semilattice E, we have shown in the proof of Theorem 2 (iii) that fa = (α, /) = 6. Hence a = aa^a = ea^fa -b. In the case when 0 ^ /, we can prove (α, e) ^ (/3, /) in a similar way. Finally if e and / are noncomparable, then, by Lemma 2, we have e ^ ef ^ f and β/ ^e,ef^ f. Hence (α, β) ^ (a, ef) ^ (α, /) = (β, /). This proves the 'if' part of the theorem. Conversely suppose that (a, e) g (β, /). If it were false that either a < β or a -β,e^f 9 then we have either a > /3 or α = β, e > /. Hence, by the 'if part just proved, we have (a, e) > (β f /), which is a contradiction. This proves the 'only if part of the theorem. Proof. We divide the proof into several steps.
1°. // (a, e), (β, f) e S*, then (aβ, (e"/)"" 1 ) e S*. In fact, a e Γ*(β) and so, by (v) 
4°. S* is simply ordered with respect to ^. Evident. 5°. S* is an ordered semigroup. In fact, by 3° and 4° it suffices to prove the monotone property: if a ^ b, then ac ^ be and ca ^ cb. Let a -(a, e), b -(β, f) and c = (7, g Hence also in this case we have ac ^ be. We can prove ca ^ cb in a similar way.
6°. S* is a regular semigroup, that is, for every αeS*, there exists an element x e S* such that αscα = α. In fact, for a = (α, β), we set α? = (or 1 , β*) By (iii), we have xeS*. Moreover ax{a, e)(cr\ e*) = (7, (e"e")*~ι) = (7, β) , and so ααα = (7, e)(a, e) = (a, (e'e) 1 )( a, e) = α.
7°. An element (α, β) o/ £* is idempotent if and only if a = 7. In fact, if (α, β) is idempotent, then (a, e) -{a, ef = (^2, {e a e)°"~l). Hence a -a 2 , and so a -I. Conversely, (7, ef = (7 2 , {e τ e) τ ) - (7, β) , and so (7, e) is idempotent.
8°. S* is αti ordered inverse semigroup. In fact, according to Lemma 1, by 5° and 6°, it suffices to show that two idempotents of S* commute with each other. By 7°, let (I,e) and (7,/) be two idempotents of S*. Then (7, β)(Γ, /) -(7, ef) = (7, /β) -(7, /)(/, β).
9°. In the ordered inverse semigroup S* f (a,e)σ(β,f) if and only if a -β.
In fact, if (a f e)σ(β, /), then there exists an idempotent (7, g ) such that (7, g )(a, e) = (7, g){β,f).
Hence (α, ffβ) = (/3, fl/) and so a = /9. Conversely, for (α, β), (α, /) e S*, we can take (7, ef) e S* be (ii). Then (7, ef)(a, e) = {a, ef) -(7, ef)(a, /), and so {a, e)σ(a, f). Proof. By 7° of the proof of Theorem 5, E = { (7, e) ; ee E*} is the set of all the idempotents of S*. Moreover By 9° of the proof of Theorem 5, this mapping is well defined irrespective of the choice of (a, e) in (α, e) and moreover it is one-to-one. By the condition (i) in Theorem 5,  , e«) = (α" 1 , e α ). Hence (α, e)-1 = (α" 1 , e α ). Now, under the identification, for α = (α:, e)eS*, the Jί-component of α is e and the jΓ-component of a is a. Thus the identification of a with (α, e(α)) mentioned in §2, coincides with (a, e). Moreover, for eeE and ae Γ(e) 9 e" in the sense of § 2 is 
10°. S* is

4.
A special case* We discuss in more detail the structure of S in the case when S is i3^-simple and the ordered group Γ is commutative. LEMMA 
Let (α, e) and (/3, /) be elements of a proper ordered inverse semigroup S. Then (i) (α, e)&(β, f) if and only if e = /;
(ii) (α, β)^f(/9, /) i/ and only if e a = /*; (iii) (α, e)£P(β, f) if and only ife y -f for some 7 e Γ(e). The algebraic factor group Γ/Δ is denoted by Γ. For αeΓ, the element of Γ which contains a is denoted by a. We write Σ = {α; αeί} , Γ(β) = {α; αeΓ(e)} .
Σ(e) = {a; aeΓ(e),e *:(!?}, A{e) = {a;aeΓ(e), e = e«) . Evidently Ie Δ{e) S Σ(e).
LEMMA 9. Σ(e) is an algebraic subsemigroup of Γ, and, for e,feE, we have Σ(e) = Σ(f).
Proof. If a,βe Σ(e), then
By Lemma 11, if Γ(e) contains at least one element of Γ in a coset a, then it contains all the elements of Γ in a. Also, since Σ is a subsemigroup containing J, Σ contains with at least one element of Γ in a coset a all the elements in a. Moreover Σ is a subsemigroup of Γ. Now we take eeE and make it fixed. Since S is ϋ^-simple, In the simply ordered set Γ(e), we define αo/3 as the lesser of a and β with respect to the order ^. Then Γ(e) turns out to be a commutative idempotent semigroup with respect to the operation ©. Since Γ(e) is order-isomorphic to E, the semigroup Γ(e) is isomorphic to the abstract semigroup E.
THEOREM 12. If ae Γ(f), then (f")ψ e = (ff e )a-
Proof. We set ff e = β. Then / = e β and so f* = e β «. Hence (f)ψ e = βά = βa = (ff e )a.
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PΣ = {a; a e Σ, e ^ e a ) , NΣ = {a; a e Σ, e ^ e«) .
It is easily seen that both PΣ and NΣ contains with at least one element of Γ in a coset a all the elements in a. An order fg is said to be monotone to an order ^, if a ^ & implies α ^ 6 and conversely. An order ^ is said to be antitone to ^, if a tί b implies b S a and conversely. Proof. Since PΣ U NΣ = Σ and PΣ PiNΣ = A, in order to prove the first assertion it suffices to show that a e PΣ and β e NΣ imply either a e A or βeA. Since aePΣ ^ Σ and β e NΣ <Ξ i?, we have aβeΣ S Γ(e). Since (α/S)^-1 = /3eΛΓi . Thus the order ^ is antitone to the order ^. In the case when NΣ = Σ, we can prove that the order ^ is isotone to the order ^ in a similar way.
We define the order ^ in Γ(e) by (i) By 3° Γ? is a simply ordered set with respect to ^. For a, β e Γf, we denote the lesser of a and β with respect to ^ by αo^. Then Γf turns out to be a commutative idempotent semigroup with respect to the operation o.
4°. Γf is an ordered commutative idempotent semigroup with respect to the operation o and the order ^. In fact, it suffices to show that a ^ β implies aoy ^ βoj 9 which can easily be proved.
For aeΓf, we write Γ*(a) = a~Ψf. It is readily seen that, for άeΓf, we have βeΓ*(a) if and only if aβeΓf.
5°. Γ*(a) is well defined irrespective of the choice of a in ά.
In fact, if a = β, then aβ^eΔ* g2* and so, for yeΓf, we have aβ~xyeΓf.
Hence β~l r γ = or^aβ-^Ί e crψ? and so β-ψf Sα-Tf. The converse inclusion can be proved in a similar way and so a~xΓf = 13°. A* is α^ ordered commutative idempotent semigroup with respect to the operation o and the order ^. In fact, when we define the order ^ by (i), then, by definition, the order ^ is isotone to the order ^, and so, by 4°, we obtain the assertion. When we define the order ^ be (ii), then the order ^ is antitone to the order ^, and so Γ* with the operation o and the order ^ is isomorphic to the orderdual of Γf with the operation o and the order ^. Hence also in this case we obtain the assertion. By what we have discussed, we see, replacing Γ* by E*, Γ*(ά) (ά e f *) by Γ*(e)(e e E) and άβ(ά e Γf, β e Γ*(α)) by e β (e eE*,βe Γ*(e)), that all the assumptions of Theorem 5 are satisfied. Also we see that the set S*, the product in S* and the order in S* in this theorem are defined to be only the rewriting by the above replacement of these in Theorem 5. Thus S* is a proper ordered inverse semigroup.
15°. S* is &-simple. In fact, in the proof of Theorem 6 we have shown that the expression {a, β) of an element of S* can be identified with the expression (a, e{a) ) which is defined in § 2. Let, (a,β) and (7, δ) 9 respectively, defined for the ordered semigroup S*.
Proof. The first assertion follows from Theorem 6. Under the identification mentioned in the assumption, we have, by Theorem 6, Γ{Ί) = Γ*(I) = Γ*. Let a e Γ* and 7 e Σ*. Then ay e Λ* and layer 1 = 7el*. Hence, by the definition of the product in S*, we have (ay)a = (I, ay)(I, a) = (/, ay) = α7 and so ay ^ α with respect to the natural ordering ^ defined in the commutative idempotent subsemigroup Γ* of S*. Therefore 7 e l'(α) = Σ and so ^* S Σ. Conversely let a e Γf and yeΣ. Then (/, ay)(I, a) = (J, αv). Now we have either yeΣ* or y-1 eΣ*. If 7" 1 e J*, then aϊ-Xay)-
1
= y~x e I* and so (J, άy){I, a) = (J, αJ-1 ) = (I, ά). Hence ay = α, 7 = I and so γeJ*g 2"*. Thus always we have TGI* and so Σ ξΞ= Σ*. Finally, since both A and J* are the group of units of Σ* = Σ, we have Δ* = J. 5* Appendix* In § 4 we discussed proper ordered i^-simple inverse semigroups S in which the group S/σ is commutative. In this section, we shall show that an important sort of ordered inverse semigroup belongs to this category.
Let T be an ordered inverse semigroup. T is called o-archimedean, if, for each pair of positive elements p, q of T, there exists a natural number n such that q ^ p n .
LEMMA 15. If T is o-archimedean, then T/σ is isomorphic as an ordered group with a subgroup of the ordered additive group of all real numbers, and so is commutative.
Proof. Let p, q be positive elements of T/σ. Then p and q are positive elements of T and so q fg p n for some natural number n. Hence q ^ p n and so T/σ is an o-archimedean ordered group. Therefore, by Theorem 15 of Chapter 14 [1] , T/σ is isomorphic to a subgroup of the ordered additive group of all real numbers. eeE which is not the identity element of T, there exists an element feE such that e Φ f and e&f.
Then T is proper.
Proof. We suppose that T were not proper. Then there exists a nonidempotent element a such that a e I. Since αor 1 e E, we have αα-Vα and so there exists an element eeE such that eaa~λ = ea. We set / = βαα~Λ Then feE,f^ aar 1 , fa = eaa^a = ea = eαcr 1 -/ and /α" 1 = faar 1 = /. Since fa = f, the element / is not the identity element of T and so, by assumption, there exists g e E such that fφg and f&g. Hence there exists be T such that f£fb&g. By Lemma 1, b is not idempotent and / = b~xb. Hence ba = bb~xba = bfa = 6/ = 6, 6a-1 = δδ-^α-1 = bfa~λ = 6/ = 6, α" 1^1 = (δα)" 1 = ft-1 , αfr" 1 = (6a-1 )" 1 = 6" 1 . By Lemma 5, either a or or 1 is positive and also either 6 or 6" 1 is positive. First we consider the case when both a and 6 are positive. Since T is o-archimedean, there exists a natural number n such that b ^ a n . Hence b = ba = δα 2 = = ba n ^ 6 2 , which contradicts that 6 is positive. In the remaining cases, we obtain a contradiction in a similar way.
As an immediate corollary of these lemmas we have THEOREM 
If an ordered inverse semigroup T is o-archimedean and J3?-simple, then T is proper and the group T/σ is commutative.
